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I. In t roduc t ion  
THE ANALYS I S  OF STRUCTURALLY ORTHOTROPIC 
SHELLS BY MEANS OF THE COMPLIANCE METHOD 
Most t h i n  e l a s t i c  she l l s  when used as s t r u c t u r a l  components possess some type o f  
reinforcement. 
corrugat ions o f  the surface, f i lament winding o r  sandwich type const ruct ion.  
ever the type of reinforcement, i t s  u l t ima te  purpose i s  t o  enable the  s h e l l  s t r u c t u r e  
to  sus ta in  la rger  loads a t  a minimal increase i n  weight. 
The reinforcement may take the guise of machined o r  attached r i b s ,  
What- 
The usual e f f e c t  o f  the  s t i f f n e s s  i s  t o  g ive  the  s h e l l  s t ruc tu re  d i rec t i ona l  
p roper t ies  i n  i t s  s t rength  charac ter is t i cs .  These s t rength  cha rac te r i s t i cs  are 
measured by the  a b i l i t y  o f  the  s h e l l  t o  r e s i s t  bending ana torsimat moments and a l s o  
membrane forces.  However d i iec t iona l l y  dependent s t rength  cha rac te r i s t i cs  may a l s o  be 
n an uns t i t fened shell i f  the  materia! of the s h e l l  i s  an iso t rop ic ,  t h a t  i s ,  observed 
possess d 
s t i f f e n e d  
r e c t i o n a l  dependence i n  i t s  e l a s t i c  constants. Because o f  t h i s  f a c t ,  the 
s h e l l  i s  termed as s t r u c t u r a l l y  an iso t rop ic  w h i l e  the  uns t i f fened s h e l l  
composed o f  an an iso t rop ic  mater ia l  as i n t r i n s i c a l l y  an iso t rop ic .  
The s t i f f e n e r s  i n  a s t r u c t u r a l l y  an iso t rop ic  s h e l l  usua l l y  are placed i n  p re fe r red  
d i rec t i ons ,  t h a t  i s ,  d i rec t i ons  co inc id ing  w i t h  the  p r i n c i p a l  d i rec t i ons  of the s h e l l  
reference surface. 
achieve maximum and minimum values i n  these d i rec t i ons .  The same ef fect  can be achieved 
i n  the  i n t r i n s i c a l l y  an iso t rop ic  she l l  by using a mater ia l  o r tho t rop i c  i n  i t s  e l a s t i c  
p roper t i es  and such t h a t  the  ax i s  of e l a s t i c  symmetry co inc ide  w i t h  the p r i n c i p a l  
Then the  s t rength cha rac te r i s t i cs  o f  the  s t i f f e n e d  s h e l l  w i l l  
e r e n t i a t e  the type of s h e l l  be ing 
c s h e l l ,  the  former w i l l  be termed 
c a l l y  o r tho t rop i c .  I t  i s  the 
research p ro jec t .  
d i r e c t i o n s  o f  the s h e l l  surface. I n  order t o  d i f  
discussed f r o m  the  general s t i f f e n e d  o r  an isot rop 
s t r u c t u r a l l y  o r tho t rop i c  wh i l e  the l a t t e r  i n t r i n s  
o r t h o t r o p i c  s h e l l  t h a t  i s  be icg considered i n  the 
Since there i s  a s i m i l a r i t y  i n  the behavior o f  the s t r u c t u r a l l y  and i n t r i n s i -  
#I- 
c a l l y  o r t h o t r o p i c  s h e l l s ,  the analys is  of the l a t t e r  can be used as the basis o f  an 
approximate behavior o f  the former. To do so requires the p o s t u l a t i n g  o f  an i n t r i n -  
s i c a l l y  o r t h o t r o p i c  s h e l l  of the same shel l  geometry as the s t i f f e n e d  member bu t  whose 
mater ia l  constants a re  unspeci f ied.  The equations o f  the unst i f fened s h e l l  may then 
be der ived i n  terms o f  the unspeci f ied o r t h o t r o p i c  e l a s t i c  constants. Hence the 
problem o f  approximating the behavior o f  the s t r u c t u r a l l y  o r t h o t r o p i c  s h e l l  becomes 
one o f  f i n d i n g  the c o r r e l a t i o n ,  or equiva lent ly ,  the compliance, between the e l a s t i c  
constants o f  the uns t i f f ened  s h e l l  and the e f f e c t s  o f  the s t i f f e n e r s  o f  the s t ruc tu r -  
a l l y  o r t h o t r o p i c  s h e l l .  It i s  i n  f a c t  t h i s  problem which i s  the primary purpose o f  
the research grant. 
I I .  Discussion o f  research in  progress and research completed 
The s t ress s t r a i n  r e l a t i o n s  f o r  an i n t r i n s i c a l l y  o r t h o t r o p i c  mater ia l  are given 
as; 
e,D! = a,,%( +QI+ + Q13Cl;Y 
cy = a 3 , ~ ,  + a,bpa + Q, r,, 
@py= Q44 q.. 
@*, = Qs5 cr,, 
y p  = Qal  G, + + Q23Cr,v 
e"p = Cdp 
Diagonal symmetry i n  the e l a s t l c  constants requires t h a t a . .  = a j i  (i # j). 
app ly ing  the above equations t o  a s h e l l ,  the a and 8 d i r e c t i o n s  correspond t o  the 
I n  ' J  
p r i n c i p a l  d i r e c t i o n s  o f  a surface wh i l e  V i s  measured normal t o  the surface. 
As a f i r s t  attempt i n  f i n d i n g  a compliance between the e f f e c t  of s t i f f n e r s  and 
the o r t h o t r o p i c  e l a s t i c  constants, the f i r s t  order d i f f e r e n t i a l  equations f o r  an 
o r t h o t r o p i c  t h i n  e l a s t i c  s h e l l  have been derived. Since such an analys is  i s  bas.ed 
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. 
on the Kirchoff hypothes's, then the number of constants appearing in the resulting 
differential equations are ocly four in number, namely the constants a,,a,,a,, 
(2.66. The expressions for the bending and twisting moment stress resultants and the 
membrane stress resultants are given as; 
in these expressIcns, 6 i s  the shell thickness, K, and Kp the middle surface, 
curvature changes in the a and @ directions respectively and 7 is the twist of  the 
middle surface. 
Since there are only four elastic constants but six stress resultants, then only 
four of the six stress resultazts can be made to comply with the stress resultants of 
the stiffened shell. However the choice of the four to be used is not completely 
arbitrary. 
the twisting moment. 
Note that the COnSt22t&66 appears only in the membrane shear force and 
Thus only two of these stress resultants can be made to comply 
wi th  thoseof the corresponding stiffened shell. 
I f  the shell reinforcement i s  of an attached type, then a compliance based on 
first order theory may yield satisfactory results. However the degree of satisfaction 
will depend greatly on the inefficiency of the attaching medium in making the rein- 
forcement an integral part of the shell and the type of loading to which the shell is 
subjected. As an example, consider a rib stiffened shell where the ribs are attached 
- 3- 
I , 
t o  the  s h e l l  by means o f  r i v e t s  or some other s i m i l a r  device and assume t h a t  the  
c r i t i c a l  loading on the s h e l l  s t ruc tu re  i s  from an edge cond i t ion  which p r i m a r i l y  
induces bending and t w i s t i n g  moments. If  the r i b  a t tach ing  device i s  such as t o  
a l low some r e l a t i v e  motio;, betvJeen the r i b  and the s h e l l  i n  a d i r e c t i o n  tangent t o  
the  s h e l l  surface, then the e f f e c t s  o f  the membrance forces on the s h e l l  s t ress  
cond i t i on  w i l l  be small and the s h e l l  stress cond i t ion  w i l l  be almost completely 
determined from the  bendicg and t w i s t i n g  moments. 3nder these circumstances, a 
compliance may be found by equatfqg the  bending and t w i s t i n g  moment s t ress  resu l tan ts  
of the  i n t r i n s i c a l l y  and s t r u c t u r a l l y  o r tho t rop i c  shel ls .  Obviously the membrane 
s t ress  resu l tan ts  f o r  the two types o f  she l l s  w i l l  not  be equal t o  each other  bu t  as 
p rev ious ly  mentioned, the membrane e f f e c t s  are assumed t o  be small and there fore  o f  
no great  concern i n  determining c r i t i r a l  s t r e n g t h  cha rac te r i s t i cs .  
General ly,  the  s t i f f e n e r s  a re  an in tegra l  p a r t  of a s h e l l  and hence the  assump- 
r i v n s  inhzreii: i:: the example o f  the previous paragraph cannot be made. Thus i n  order 
to f i n d  a compliance between a s t r x t u r a l l y  end i n t r i s s i c a l l y  o r tho t rop i c  s h e l l ,  both 
the  membrane and moment s t ress resu l tan ts  o f  each o f  the two she l l s  must be equal t o  
each o the r .  F i r s t  order l inezir s 5 e l l  theory does not prov ide a s u f f i c i e n t  number o f  
e l a s t i c  constants f o r  such an equa l i t y  because f i r s t  order theory discards the  d i r e c t  
e f fec ts  o f  t ransverse shea; ar.d hence the  e l a s t i c  constantsU44 andass .  
neglects the  cont rac t ion  o f  the  normal and the constactsCL31 andQ32, and f i n a l l y ,  i t  
suppresses the  s i x t h  equatior, of equi l ibr ium.  Thus f i r s t  order l i n e a r  s h e l l  theory 
e l im ina tes  four  e l a s t i c  constants from considerat ion i n  the expressions f o r  the  s t ress 
resu l tan ts .  
I t  a l so  
A p lane s t ress  cond i t ion  i s  usual ly  regarded as an exce l len t  approximation t o  the 
t r u e  s t a t e  o f  s t ress  i n  a th!3 s h e l l .  There are  then a t o t a l  o f  e igh t  a r b i t r a r y  e l a s t i c  
constants f o r  the o r tho t rop i c  she?: .  I f  now a l l  o f  the s t ress  resu l tan ts  were t o  be 
expressed i n  terms o f  s h e l l  deformations, there would a l s o  be e igh t  s t ress resu l tan ts ,  
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namely, Tm, Tpp, Tap, Taqr Tpr, %, MBB, Map. 
c i e n t  number of independent e l a s t i c  constants to  account f o r  a l l  the s t ress  resu l tan ts .  
If now a l l  o f  the  e igh t  e l a s t i c  constants could be u t i l i z e d  i n  the  e igh t  s t ress  r e s u l t -  
ant  deformation re la t ions ,  an equa l i t y  i n  s t ress  resu l tan ts  could be made between a 
s t r u c t u r a l l y  and i n t r i n s i c a l l y  o r tho t rop ic  s h e l l .  
Hence there appears t o  be a s u f f i -  
I n  order  t o  u t i l i z e  a l l  of the  e l a s t i c  constants i n  the  s t ress  resu l tan t  expres- 
sions, the e f f e c t  o f  the cont rac t ion  o f  the normal and the  e x p l i c i t  r e l a t i o n  of  
t ransverse shear s t ress  to  deformation must be stated. I t i s  then obvious t h a t  f i r s t  
order s h e l l  theory i s  unsat is fac to ry  i n  p r e d i c t i f i g  the behavior o f  the  i n t r i n s i c a l l y  
o r t h o t r o p i c  s h e l l .  Recourse must be made t o  second order t h i n  s h e l l  theory where i n  
the e f f e c t s  s p e c i f i c a l l y  neglected i n  f i r s t  order theory a re  taken i n t o  account. 
Work i s  p resent ly  progressing i n  the devzlspment o f  the  second order  o r tho t rop i c  
s h e l l  equations. However p r i o r  t o  attempting the  der iva t ion ,  a separate p r o j e c t  as 
p a r t  o f  a doctora l  study had hean inaugurated i n  order to  study the second order 
e f fects  for i s o t r o p i c  she l l s .  To determine d i r e c t i o n a l  e f f e c t s  and yet  not i f i t roduce 
the complex i t ies o f  or thot ropy,  a t racer  parameter was introduced i n t o  the  analys is .  
This work has recent ly  been completed and i t  i s  now being abstracted f o r  pub l i ca t i on  
i n  the  A I M  Journal .  The p r i n c i p a l  conclusions a re  as fo l lows;  
i) For i s o t r o p i c  t h i n  e l a s t i c  she l l s ,  a f i r s t  order  theory i s  
completely j u s t i f i e d  i n  t h a t  those e f f e c t s  which a re  discarded 
i n  the  f i r s t  order approximation y i e l d  small values even i n  
the  v i c i n i t y  o f  h igh shear loads, 
The e f f e c t  of  the  transverse shear on the  r e s u l t i n g  equations 
i s  s t rong ly  dependent upon the  d i f f e rence  of  the  e l a s t i c  proper- 
t i e s  i n  the  p r i n c i p a l  c u r v i l i n e a r  d i rec t i ons .  The greater the 
d i f ference,  the larger  the shear e f fec ts .  
ii) 
The second conclusion i s  most important s ince i t  guarantees t h a t  a second order 
approximation for an o r tho t rop i c  she l l  w i l l  y i e l d  r e s u l t s  s i g n i f i c a n t l y  d i f f e ren t  from 
those of  the  f i r s t  order  analys is .  Hence, hopefu l ly ,  the  second order analys is  w i l l  
incorporate a l l  o f  the o r tho t rop i c  e l a s t i c  constants i n  the s t ress  resu l tan t  deforma- 
t i o n  equations. 
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The problem o f  a s t i f f e n e d  p l a t e  has been encountered i n  engineer 
e a r l i e r  than the  s t i f f e n e d  she l l .  Further,  a p l a t e  i s  a much easier s 
member t o  analyze than a s h e l l .  As a consequence there e x i s t  f a r  more 
f o r  dea l i ng  w i t h  s t i f f ened  p la tes  than f o r  s t i f f ened  s h e l l s .  I n  order 
ng p r a c t i c e  
ruc tu ra l  
techniques 
t o  determine 
whether any o f  the techniques of p l a t e  analys is  could be d i r e c t l y  appl ied t o  s h e l l s ,  
a separate research p r o j e c t  as p a r t  of a Master o f  Science degree program was 
i n i t i a t e d  i n  order t o  study s t i f f e n e d  p la tes.  This program has now been completed 
and the r e s u l t s  are being pu t  i n  f i n a l  form. 
The important conclusions of the  p l a t e  study may be summarized as fo l lows;  
i) There e x i s t s  a technique f o r  handling almost any type o f  
p l a t e  reinforcement 
i i) Equivalent bending and to rs iona l  p l a t e  s t i f f n e s s e s  may always 
be found a f t e r  a de ta i l ed  study ~f the external  s t i f f e n e r s .  
There does no t  e x i s t  a compliance technique where i n  the e l a s t i c  
constants o f  an i n t r i n s i c a l l y  o r t h o t r o p i c  p l a t e  are re la ted  t o  
the  s t i f f e n e r  e f f e c t s .  
iii) 
To some extent ,  the r e s u l t s  o f  the p r o j e c t  were d isappoint ing i n  t h a t  i t  had been 
hoped t h a t  some compliance technique ex is ted f o r  p la tes.  Thus the compliance technique 
f o r  s h e l l s ,  when developed, could have been compared t o  t h a t  o f  the p l a t e  and as a 
check, shown t h a t  i t  degenerated t o  that  o f  a p la te .  However the p r o j e c t  d i d  prov ide 
some usefu l  information in  t h a t  i t  discussed and evaluated techniques used i n  evaluat ing 
s t i f f e n e r  ef fects which could be d i r e c t l y  appl ied t o  s t i f f e n e d  shel ls .  
Once a compliance i s  found between the e l a s t i c  constants o f  an i n t r i n s i c a l l y  
o r t h o t r o p i c  s h e l l  and the  s t i f f e n i n g  e f f e c t s  o f  a s t r u c t u r a l l y  o r tho t rop i c  s h e l l ,  
t he re  w i l l  e x i s t  the problem o f  comparing r e s u l t s  found by such a method t o  r e s u l t s  
found by other  more standard techniques. I n  a n t i c i p a t i o n  o f  t h i s  problem, a p r o j e c t  
e i n t r i n s i c a l l y  o r t h o t r o p i c  
than deal w i t h  a se t  o f  
splacement method i s  being 
has been i n i t i a t e d  as p a r t  o f  a doctoral study t o  program t 
s h e l l  equations f o r  a s h e l l  o f  revolut ion.  However, ra the r  
d i f f e r e n t i a l  equations in f i n i t e  d i f ference form, a ma t r i x  d 
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u t i l i z e d  f o r  the programing. This method has the advantage o f  rap id  and accurate 
convergence and a l so  the  c a p a b i l i t y  of deal ing w i t h  unsymet r i c  loads and o r  s t i f f -  
ness proper t ies.  Since the compliance technique i s  not  inherent ly  bound w i t h  
d i f f e r e n t i a l  equations, then the technique can be programed as a sub rou t i ne  t o  
evaluate the o r tho t rop i c  e l a s t i c  constants occur r ing  i n  the  mat r ix  displacement 
program. 
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Summary 
1 .  Research Completed 
1.  F i r s t  order i n t r i n s i c a l l y  o r tho t rop ic  she l l  equations derived 
2. Second order i so t rop ic  shel l  equations studied. Tracer parameter 
used t o  evaluate shear ef fects  
3 .  Reinforced p l a t e  study completed 
I I .  Research I n  Progress 
1. Orthotropic second order she l l  equations being derived 
2. Matr ix  displacement method being developed f o r  i n t r i n s i c a l l y  
o r  tho t  ropi  c mater i a1 s 
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